A gedanken experiment in which a black hole is pushed to spin at its maximal rate by tossing into it a test body is considered. After demonstrating that this is kinematically possible for a test body made of reasonable matter, we focus on its implications for black hole thermodynamics and the apparent violation of the third law (unattainability of the extremal black hole). We argue that this is not an actual violation, due to subtleties in the absorption process of the test body by the black hole, which are not captured by the purely kinematic considerations.
I. INTRODUCTION
The stationary, vacuum black hole solution of Einstein's equation, called the Kerr spacetime, is unique. It is characterized by two parameters, M and J. When M 2 ≥ J (we use units where G = c = 1), the Kerr spacetime describes a black hole of mass M and angular momentum J. When J = M 2 the black hole is said to be extremal, as it is spinning at its maximal rate. For J > M 2 the Kerr metric has no horizon and has a naked singularity.
It has recently been shown in Ref. [1] , following earlier similar studies and results [2] [3] [4] [5] , that one might be able to make a nearly extremal black hole "jump" over extremality by tossing into it a test body composed of reasonable matter which satisfies energy conditions. This might constitute a violation of the cosmic censorship conjecture, according to which naked singularities cannot be formed via any process that involves physically reasonable matter [6] . As radiative and self force effects are neglected in such arguments, it is conceivable, and perhaps expected considering the existing evidence for Cosmic Censorship, that overspinning will be precluded by such effects [1] . This makes their study more pertinent.
On the other hand, one can ask what are the implication of the aforementioned result on black hole thermodynamics. Hawking's has provided a proof for the second law of black hole mechanics [7] , that the black hole horizon area cannot decrease, and Israel a proof for the third law [8] , that the surface gravity cannot be reduced to zero at a finite time. Turning a black hole into a naked singularity appears to invalidate both laws. However, since in such a process the final object is not a black hole, it is not possible to analyze the thermodynamical implications any further.
Nonetheless, it is intuitive that if one can overspin a nearly extremal black hole, then one should also be able to make it exactly extremal via the same process. In this case, the final object would still be a black hole and the process would appear to violate the third law as it is expressed in Israel's formulation: "A nonextremal black hole cannot become extremal at a finite advanced time in any continuous process in which the stress energy tensor of accreted matter stays bounded and satisfies the weak energy condition in a neighborhood of the outer apparent horizon" [8] .
We first show, following Ref. [1] , that, at least at the level where radiative and self force effects are neglected, one can indeed drive a nearly extremal black hole to extremality by tossing in a test body. We then proceed to discuss whether this can indeed be considered a violation of the third law of black hole thermodynamics.
II. SPINNING A KERR BLACK HOLE TO EXTREMALITY WITH A TEST BODY
We start by considering an uncharged stationary Kerr black hole solution and we attempt to make it exactly extremal by tossing into it a body which carries angular momentum. Given the uniqueness theorem for the Kerr spacetime as a rotating black hole solution and the scale independence of the problem at hand, the angular momentum to mass ratio is an effective control parameter for the family of uncharged stationary Kerr black hole solutions.
The body tossed into the black hole is treated as a test body with energy δE and the angular momentum δJ, such that δE , δJ ≪ M.
(
The term test body is used here to mean a body whose energy and angular momentum satisfy Eq. (1) so that radiative and self force effects can be neglected and the body can be considered as moving on a Kerr background. Following Ref. [1] , one can imagine a process by which a series of test body absorptions pushes the Kerr black hole to become initially nearly extremal and then exactly extremal (instead of over extremal, which was the case considered in Ref. [1] ). Clearly, this final step to exact extremality will be the crucial one. The test body quantities δE and δJ would have to satisfy
For a generic δE Eq. (2) can be considered as fixing the required angular momentum carried by the test body, namely
Note that from Eq. (3) one can infer that
which implies that the test body cannot be itself a black hole. This in turn imposes the restriction that the test body has a finite size which should be bigger than its Schwarzschild radius, even if its angular momentum is orbital and not due to spin. A second condition on the test body energy and momentum will come by requiring that the test body indeed crosses the horizon of the black hole. The following relation holds
and can be considered as giving the flux of energy and angular momentum into the black hole, where T ab is the stress energy tensor of the body, Ω H = a/2M r + is the horizon angular velocity, a = J/M is the specific angular momentum and r + = M + (M 2 − a 2 ) 1/2 defines the horizon radius in Boyer-Lindquist coordinates. The quantity χ a = ∂ a t + Ω H ∂ a ϕ defines the horizon-generating Killing vector, while dΣ b is the horizon surface element. Assuming that the matter of which the test body is composed satisfies the null energy condition (NEC) implies that the flux of energy and angular momentum is positive and Eq. (5) yields
This equation could have been derived also by analyzing the trajectories using the geodesic or the Papapetrou equations, depending on whether the test body's angular momentum is orbital or due to spin. Given that δJ satisfies Eq. (3), Eq. (6) turns into a second order inequality for δE,
whose determinant ∆ = 4Ω H (Ω H J − M ) + 1 depends only on the black hole quantities and is independent of the test body parameters. One can verify numerically that
Clearly, the case where J = M 2 is not interesting for this discussion, as it is the case where the black hole is already extremal initially. On the other hand, Eq. (9) implies that as long as the black hole starts in a nonextremal configuration, one can always find values for δE and δJ, for which both Eqs. (3) and (6) are satisfied.
Before concluding that a black hole can be driven to extremality via the gedanken experiment discussed we also need to consider size and structural constraints on the test particles. Such requirements can be imposed by requiring that the particle is composed by reasonable matter, which does not violate energy conditions. Such a discussion requires that we distinguish between two different cases which we were able to treat on equal footing so far: the case where the angular momentum is due to spin and the one were it is purely orbital.
An analysis of both cases has been already performed in Ref. [1] in an attempt to overspin a Kerr black hole. The only difference from our scenario is that Eq. (3) is now an equality instead of an inequality. However, this can hardly affect the end result, as one can easily verify by attempting to trace the various steps of the argument. It is actually intuitive that if a body can have enough angular momentum for a given energy to be able to overspin a black hole without violating energy conditions then there is no reason why a body cannot have the right angular momentum to make it exactly extremal, as the latter is actually less. So, we avoid repeating the analysis here and we state the outcome, referring the reader to Ref. [1] for further details.
For a particle with spin, the size and structural constraints require that it has to be deeply bound and somewhat oblate, otherwise it cannot carry the right amount of angular momentum and energy. On the other hand, if the angular momentum is orbital then the particle can very well be on an unbound trajectory, i.e. fall into the black hole from infinity.
In conclusion, we have established that, in the test body approximation, it is possible to drive a Kerr black hole to extremality by tossing in a test particle with the right energy and angular momentum. This in turn seems to imply that a violation of the third law of the black hole thermodynamics is possible via such a process.
III. TEST BODY ABSORPTION AND BLACK HOLE THERMODYNAMICS
As mentioned earlier, it is conceivable that radiative and back reaction effects which have been neglected here could change the kinematics of the process considered above, possibly preventing the test body from falling into the black hole in the first place. Moreover, in the presence of these effects the spacetime would not be stationary anymore, so any reference to black hole thermodynamics could be debatable.
However, we do not think that such objections should be used to dismiss concerns about the possible violation of the third law of black hole thermodynamics. First of all, it is worth establishing if there is an actual violation even within the test body approximation in the first place, before resorting to more complicate physics. Second, one should be able to give a clear answer to whether such a gedanken experiment can fall within the purview of black hole thermodynamics, and indeed this could be ultimately related to the fact that radiative and back reaction effects become important.
So, sticking to the test body approximation, let us assume, as a starting point, that the black hole's stationary properties are not compromised and that its temperature is always well defined. This then implies that the black hole zeroth law holds, even at the extremal limit, where the horizon is degenerate and the temperature is zero.
1
The first and second laws appear to be respected as well. Indeed, Eq. (5) is nothing but an energy conservation condition, while the NEC actually guaranties that the black hole area change associated to the energy income is always positive. In the approach to extremality the area does not decreases. Indeed, in the a → M limit, the black hole horizon would shrink if the black hole mass was kept constant along the process. However, the test body absorption increases the black hole mass and the black hole radius actually increases.
2
On the other hand, we have seen that within the same framework (not necessarily correct as we will see shortly), the third law appears to be violated, as an extremal black hole appears to be created by tossing physically reasonable matter in a nearly extremal black hole. Therefore, the implications of the gedanken experiment discussed here on the third law deserve closer investigation.
We can start by noticing that the test body approach does not necessarily satisfy all of the assumptions contained in Israel's theorem formulation.
3 First of all, in our previous kinematic considerations we assumed that the NEC holds, which is a weaker assumption than the weak energy condition (WEC) required in the third law. While WEC⇒NEC, NEC WEC. In this sense, by assuming the NEC, we can not be sure the test body ap-1 However, see Ref. [9, 10] for subtleties and limitation regarding the statistical description of extremal black holes. 2 The fact that our approach never violates the area law is not in contrast with a possible violation of third law. The Israel theorem should be associated to the third law of thermodynamics in its weak formulation, which states that it is impossible to reach absolute zero temperature in a physical process. The strong version of the third law of thermodynamics, which states that as the temperature approaches zero, the entropy also approaches zero, does not have an analogue for black holes. 3 Note that we always refer to the formulation of the third law as stated in Israel's theorem. From a purely thermodynamical point of view, the "unattainability" principle of the third law does not necessarily require equilibrium or adiabatic linkages [10, 11] . The Israel's formulation is weaker in this sense. However, since the black hole systems are stationary equilibrium solutions of Einstein's equation, we always deal with equilibrium thermodynamics.
proach is not somehow violating the WEC. However, given that the test body has positive energy density when released from infinity and that structural constraints are satisfied, there is no reason to believe that the WEC will be violated. Therefore, this issue does not seem to play the crucial role here.
A more fundamental point is related to the fact that the notion of finite advanced time used in the Israel theorem is not clearly addressed in the test body approach. Actually, in the test body approximation, the only time coming into play is the one the particle takes in order to reach the horizon surface along its trajectory. One can indeed find a broad class of trajectories by which the test body with the right energy and angular momentum reaches the horizon in a finite amount of time. However, the time scale considered in the Israel third law formulation is the net time required by the black hole to absorb the particle energy and angular momentum. In the test body approximation this process is ideally instantaneous. Note that the test body has a finite size, see discussion after Eq. (4), so it will actually take a nonzero amount of proper time to cross the horizon, something that is not captured in the test body approach.
In order to address this problem, one could try to switch to a thermodynamical description and consider the test body absorption process as a slight perturbation of the black hole equilibrium state.
Within a classical thermal framework, one possible way to relate the energy transferred to a generic system with some rate of entropy transfer is given by the Bekenstein bound relation [12, 13] ,
where ∆E measures the total energy transferred to the system and τ indicates the time necessary for the total energy absorption. Moreover, the assumption of local equilibrium condition,
allows one to rewrite the Bekenstein bound as [13] ,
thereby providing a lower bound on the thermal system relaxation time.
Of course, the Bekenstein bound has not been rigorously proven. So, its use, or the use of the corresponding relaxation time, should be viewed skeptically. Furthermore, the four laws of black hole dynamics do not rely on quantum mechanics [14] (their interpretation as thermodynamical laws, however, does require the introduction of the Hawking temperature and, hence, implicitly relies on quantum physics). Therefore, it might seem odd that one needs to refer to a quantum based bound, such as Bekenstein's, in order to investigate possible violations of the third law. Indeed, there is no such need. Given the thermal characterization of our absorbing black hole, we simply choose to use the Bekenstein bound argument for orientation purposes, i.e. as a tool for gaining some intuition about where the subtlety in the whole process might be. At the end, our claims will not rest on its validity.
Assuming now that black hole thermodynamics holds up to the extremal limit, one could apply the previous argument to the black hole as a thermodynamical system. In this case ∆E can be identified with the heat associated to the test body absorption,
and the temperature T will be the Kerr black hole Hawking temperature T = κ/2π, with surface gravity κ given by
The time scale τ can then be interpreted as the black hole relaxation time (in the black hole reference frame), that is the time interval required by the perturbed black hole solution to recover its thermal equilibrium state, thereby characterizing the transition between two subsequent equilibria. In the gedanken experiment considered here, Eq. (12) can be associated to some measure of the time elapsing, in the black hole reference frame, between the arrival of the test body front and the instant the test body back passes the horizon and allows us to get the estimation we need on the time required by the test body satisfying the size and kinematical constrains to complete the transfer process described in the Israel theorem. Now, a direct application of Eq. (12) to the previous test body absorption setting would give
where T N E is the initial temperature of the nearly extremal black hole. Since T N E is always a finite quantity, the relation above indicates that the transfer process can be achieved in a finite time. Therefore, there would be a third law violation.
On the other hand, given Eqs. (12) and (14), one easily realizes that the closer to the extremal limit the black hole solution starts the greater the time to recover its equilibrium will become. This immediately raises doubts about whether one should be using initial nearly extremal black hole equilibrium solution quantities (M, Ω, T ) N E in order to calculate the relaxation time. In fact, this would implicitly assume that the temperature stays constant throughout the process.
However, as the test body transfer of energy and momentum to the black hole takes place, the system temperature moves from T N E to T = 0, and the temperature change with respect to the angular momentum to mass ratio,
actually diverges as (M − a) −1/2 in the T → 0 (a → M ) limit. Even though for large enough T the temperature change can be small enough so that the temperature can be considered constant throughout the process of absorption, this is definitely not the case when T → 0. Note that this observation does not hinge on the use of the Bekenstein bound.
To get a deeper insight into the problem, let us entertain the idea that we can describe the test body absorption and the black hole transition from nearly extremal to extremal as a continuous succession of equilibrium states. As a minimal trial, one can assume that along the transition
where now both temperature and entropy changes are taken into account. Given the nonzero test body size, the absorption can be thought to effectively involve a section ∆H of the Kerr outer horizon null hypersurface, with extrema given by the values of the Killing parameter v at which the front end of the test body crosses the horizon. In this sense, the integral above is ideally taken over the whole test body absorption process. More quantitatively, relation (17) can be rewritten as
the temperature being a function of the Killing parameter, T = κ v /2π, while s a defining the matter entropy flux [15, 16] . In order to describe the process as a continuous transition between a series of equilibrium states, one actually need the integral relation in (17) to be satisfied pointwise along the horizon, that is one needs to further assume
where we used dΣ a = ǫ dv χ a in relation (18) . In this case, T ab χ a χ b indicates the transferred energy density, while s a χ a measures the local entropy density. Equation (19) allows to discretize the single test body absorption in a series of smaller processes, by splitting the integral over a sum of subintervals δH, provided that over each interval the adiabatic condition
holds, that is asking for the temperature to stay almost constant at each step. The dot here indicates the derivative with respect to the proper time v. Within these assumptions, one could then define the discrete quantities
, and rewrite relation (17) as
If one want to return to a discussion in terms of the Bekenstein bound, then for each i-step, the latter would still regulate the partial entropy dS i rate of transfer, that is
and, given relation (19), one would recover
where now τ i measures the time lapse ∆v = v i − v i−1 along the horizon. Given Eq. (24), one could eventually define a total finite time for the absorption process as the sum
This agrees with the intuitive discussion presented earlier. It is now clear that how large τ is depends on how large can the last step of this process be and still be considered a single step, in the sense of the temperature being almost constant. However, the whole discussion about the Bekenstein bound and the related relaxation time can be easily omitted now. One can instead focus on the adiabatic condition, which can be derived directly from the Raychaudhuri equation (see Ref. [17] ). We need to translate Eq. (20) in terms of the quantities appearing in Eq. (16) , that is of quantities which we can actually measure. The adiabatic condition can take the form
Using Eq. (14) this inequality becomes
In the extremal limit, a → M , the left hand side diverges as (M − a) −3/2 . This implies that the process could be adiabatic only if the right hand side diverges as well. However, if this would be the case, then it would take an infinite time to reach a = M as dv/da is the rate of change of the affine parameter with respect to a. What this means is that the process could only be adiabatic if it is infinitely slow, or that if the absorption is to take place in a finite time it cannot be approximated by a succession of equilibria. In this sense, we conclude that the third law [8] cannot be violated by the process described in Sec. II. This result is in agreement with earlier studies on the topic [10, 18, 19] .
IV. CONCLUSIONS
It has been shown that, based on purely kinematic considerations and within the test body approximation, it appears to be possible to create an extremal black hole by tossing a body with suitable energy and angular momentum into a nearly extremal one. The test body can satisfy size and structure constraints imposed by the requirement that it be composed by physically reasonable matter.
This might initially appear as a violation of the third law of black hole thermodynamics, expressed as the unattainability of an extremal black hole in Israel's theorem. We have shown, however, that the absorption of such a test body by a nearly extremal black hole cannot be described as a succession of equilibrium states unless the absorption is assumed to last infinitely long.
In this sense, even though the test body can reach the horizon at a finite proper time, a extremal black hole cannot be created in a finite time in a continuous process. Therefore, the third law of black hole thermodynamics is not actually violated.
